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Abstract 
In this paper, we investigate special Smarandache curves in terms of Sab- 
ban frame of spherical indicatriz curves and we give some characterization of 
Smarandache curves. Besides, we illustrate examples of our results. 
Keywords: Smarandache Curves, Sabban Frame, Geodesic Curvature, 
Spherical Indicatriz Curves. 


1 Introduction 


A regular curve in Minkowski space-time, whose position vector is composed 
by Frenet frame vectors on another regular curve, is called a Smarandache 
curve [5]. Special Smarandache curves have been studied by some authors. 

Ahmad T.Ali studied some special Smarandache curves in the Euclidean space. 
He studied Frenet-Serret invariants of a special case, [2]. Özcan Bektaş and 
Salim Yüce studied some special smarandache curves according to Darboux 
Frame in E?, [4]. Muhammed Çetin, Yılmaz Tuncer and Kemal Karacan in- 
vestigated special smarandache curves according to Bishop frame in Euclidean 
3-Space and they gave some differential geometric properties of Smarandache 
curves, [3]. Melih Turgut and Süha Yilmaz studied a special case of such curves 
and called it smarandache TB, curves in the space Ef, [5]. Nurten Bayrak, 
Özcan Bektaş and Salim Yüce studied some special smarandache curves in 
EŞ, [6]. Kemal Taşköprü , Murat Tosun studied special Smarandache curves 
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according to Sabban frame on S?, [7]. 


In this paper, we study special Smarandache curves such as TTr, 

Tr(TATr), TTr(TATr), NTN, T(N ATN), NTn(N ATN), BTE, Tb(BATB) 
and BT,(BA Tg) created by Sabban frame, İT) Tr, T A Tr}, (N, Tw, N ATy} 
and 15, Te, B ^ Ta), that belongs to spherical indicatrix of a a curve are 
defined. Besides we have found some results. 


2 Problem Formulations 
The Euclidean 3-space E? be inner product given by 
za) + 234+ 13 
where (21,22, za) € E?. Let a: I — E? be a unit speed curve denote by 


(T, N, B) the moving Frenet frame . For an arbitrary curve a € E?, with first 
and second curvature, k and 7 respectively, the Frenet formulae is given by [1] 


Tom 
N' — —kT-rB (1) 
В = —rN. 


Accordingly, the spherical indicatrix curves of Frenet vectors are (T), (N) and 
(B) respectively. These equations of curves are given by [10] 


— 


(2) 


an(s) = N(s 
ap(s) = B(s) 











For any unit speed curve a : J > E, the vector W is called Darboux vector 
defined by 





W = r(s)T(s) + &(s)B(s). 


We 


we have 
IW] 


If we consider the normalization of the Darboux c = 








and 
c = sin oT (s) + cos pB(s) 


where Z(VV, B) = 6. 
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Let y : I — S? be a unit speed spherical curve. We denote s as the arc-length 
parameter of y. Let us denote by 


(5) = ys) 
t(s) = 7 (5) (3) 
d(s) = 7(s) A t(s). 


We call t(s) a unit tangent vector of y. {y,t,d} frame is called the Sabban 
frame of y on S? . Then we have the following spherical Frenet formulae of ^ : 


ct 
( = -y+ Kod (4) 
d' = —K,t 


where is called the geodesic curvature of kg on S? and 


= (td) [8] (5) 


3 Smarandache Curves in Terms of Sabban 
Frame of Spherical Indicatrix Curves 


In this section, we investigate Smarandache curves according to the Sabban 
frame of Spherical Indicatrix Curves. 

Let a (s) = T(s) be a unit speed regular spherical curves on S?. We denote 
sr as the arc-lenght parameter of tangents indicatrix (T) 


ar(s) = T(s) (6) 
Differentiating (6), we have 
dar dsr / 
eg 
dsr ds (s) 
and 2 
8 
с (7 
From the eguation (7) 
Tr=N 


and 
TATr=B 
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From the equation (3) 
T(s) — T(s) 
Tr(s) = N(s) 
T A Ty(s) = B(s) 
is called the Sabban frame of tangents indicatrix (T). From the equation (5) 


kg = (TL, T ^ Tr) — k= 


Then from the equation (4) we have the following spherical Frenet formulae of 
(T): 
T' = Tr 
Tp =-T +T ATr (8) 
(T ATr) = -ZTr 


Let an(s) = N(s) be a unit speed regular spherical curves on S?.VVe denote 
sy as the arc-lenght parameter of principal normals indicatrix (N) 


an(s) = N(s) (9) 
Differentiating (9), we have 
Ty = — cos yT + sin yB 
and 
NATy =singT + cos oB. 

From the equation (3) 

N(s) = N(s) 

Tn(s) = — cos yT (s) + sin pB(s) 

N A Tx(s) = sin yT(s) + cos yB(s) 
is called the Sabban frame of principal normals indicatrix (N). From the equa- 
tion (5) 


ü 


ка 
MI 


Then from the eguation (4) we have the following spherical Frenet formulae of 
(N): 








N' = TN 
Ty = —N + qi (NA Tw) (10) 
(N A Tw)! = -ppg Tw 
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Let ag(s) = B(s) be a unit speed regular spherical curves on S2. We denote 
sg as the arc-lenght parameter of indicatrix (B) 


ap(s) = B(s) (11) 
Differentiating (11), we have 
EİN 
and 
БАТ=тТ 
From the equation (3) 
B(s) = B(s) 
Тв(з) = —N(s) 
(B ЛТв)(в) = T(s) 


is called the Sabban frame of binormals indicatrix (B). From the equation (5) 


Kg  — 
9 T 


Then from the equation (4) we have the following spherical Frenet formulae of 
(B): 
B' = Tg 
Ty’ = —B + £(BATB) (12) 
(ВлТв) = -—*#Tg 


i-) TTr-Smarandache Curves 


Let S? be a unit sphere in E? and suppose that the unit speed regular curve 
ar(s) = T (s) lying fully on S?. In this case, TTr - Smarandache curve can be 
defined by 

AG Aem. (13) 
Now we can compute Sabban invariants of TTr - Smarandache curves. Differ- 
entiating (13), we have 














ds* 1 m 
T, = -T +N +-B), 
Bı ds Ja! = ) 
where 
ds* 2+ (£y? 
= Ett 14 
ds 2 - 
Thus, the tangent vector of curve 6, is to be 
1 
Tos БЕЛ SUBE (15) 
2:57 к 
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Differentiating (15), we get 
ds* 








Bı As = a ayi | AN | A3B) (16) 

where " s 

208055 

TI T\4 TAD 
Aper eu mE 
= T i T\3 T 

ha = (2) + (D eat. 

Substituting the equation (15) into equation (16), we reach 


TL 8 | | 
Th, = Ep EAN KAB). (17) 


Considering the equations (13) and (15), it easily seen that 





1 T 
ил 


From the equation (17) and (18), the geodesic curvature of 6) (52) is 





ATE mu —N - 2B). (18) 


KL = 


g 





s (1t — Ast + 2A3). 


1 
(2--(2)2)2 


ii-) Tr(T A Tr)-Smarandache Curves 


Similarly, Tr(T A Tr) - Smarandache curve can be defined by 


m oL 
—-—.. (19) 


In that case, the tangent vector of curve 62 is as follows 


1 

Тә, = ———== 

/1+2(Z)? 

Differentiating (20), it is obtained that 
v2 


fa — ara T - AN + A3B) (21) 


(-Т – ^N - -B). (20) 





where 
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xo Les es 


y= -2(2)*-3(2)?- 2-1 





K R m 
TI CES! Тә 
илк 
2205 
Using the equations (19) and (20), we easily find 
PAT = ти, 
T)B2 — 2::40) m : 


So, the geodesic curvature of 32(s*) is as follows 


ҝн E E 
Mua әр 


iii-) TTr(T A Tr)-Smarandache Curves 





TTrT A Tr - Smarandache curve can be defined by 


B3(s*) — A + Tr + TA Tr). 


Differentiating (23), we have the tangent vector of curve 63 is 
= 1 
NE Cu 0) 


Differentiating (24), it is obtained that 


V3 
40 E+ (2) 


K K 


Ta 











(que İN | -B). 





where 





x = (2) (22-1) #20) - (2742 -2 


w= -EYE +1) -3(* «2 - 42)? +22) -2 


Na = Q'G- 2) - 2(7)' 44)? = (2) +2). 


Using the eguations (23) and (24), we have 


(22) 


(23) 


8 Stileyman Senyurt et al. 


(22-- )T+(-1- DN +(2—Z)B 
V6,/1—2+ (2)? 


So, the geodesic curvature of 43(s*) is 


(T A Tr), = (26) 








ДЫН e Ee 
4/2(1 — £ + (299)? 


iv-) NTy-Smarandache Curves 


Ba — 
Kg = 





NT - Smarandache curve can be defined by 
1 


çi (s”) = ə (27) 


Differentiating (27), we have the tangent vector of curve с̧ә is 


(— cos o + TE sin y)T — N + (sing + Ti cosy) B 
muc: Wil Wil | (28) 








Differentiating (28), we get 

















1 
75 Un sin — Az cos p)T + AN + (Aəsin y + Аз cos y) B). 
(2 + (ry) ps 
where 
€ pO və 
à = Me EI - (=y -2 
i wp ri) Un? 
x = - ri Gri = q “aş” -2 
WIL |] ||| ||| 
un gi 
Aş = 2 | нд . 
i Tr) Un? Tm) 
Considering the equations (27) and (28), it easily seen that 
(2 sin p + Tər cos p)T + oN + (2 cos Y — a sin y)B 
(NA TN), = IW Wil — Wil . (30) 
4+ 2p) 


The geodesic curvature of çı (s”) is 


Smarandache Curves in Terms of Sabban Frame... 9 








a — Ori Ieri +295) 


2+ (ri?) 





NIO 





v-) Ty(N A Ty)-Smarandache Curves 


TN(N A Tw) - Smarandache curve can be defined by 
1 
62(5*) = —=(Ty + N ATN). 3l 
Differentiating (31), the tangent vector of curve 6 is 
(Ti (Sin p + cos e))T — N + (yy (cos 4 — sin y) B) 


To = = ` (32) 
142 pip)” 














Differentiating (32), it is obtained that 




















2 
ә ve = [(A sin e — A2 cos y)T + AYN + (Аз sin g + Àz cos y) BI 
(1 + 20)? 
(33) 
where 
gi g” Q3 P yp V əv 
À = + 2 F2 
7 wp +wp +wp ry 
g” ya Qa 7 V 
нә — = =i 
: Ün”? Um?) Um?) 
yy кул әлә 
às = ( —) — 2( ——) — ( ——)". 
: wj Um?) Ün?) 
Using the equations (31) and (32), we easily find 
(sin y + cosy)T + 2121 N + (cosy — siny)B 
(N A Туја = —— — . (34) 
2+ (ру) 


So, the geodesic curvature of ¢2(s*) is as follows 


(ipi — Лә + As) 


(1+ 25,2)? 


K <2 





NIO 
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vi-) NİN(N A Ty)-Smarandache Curves 


NTNN A Ty - Smarandache curve can be defined by 


"E 
ca(s ) Tx 3 


Differentiating (35), the tangent vector of curve с̧ә is 





UN SE Pe NA Te) (35) 








c ( — cosy + TT (cosy + siny))T — N + (sing + TT (cosy — siny)) B 


AA Yalı — pr GR) 


Differentiating (36), it is obtained that 











(36) 


























i= BE l ə (As cosy + As sin y)T + ALN + (Аз cos g + àz sin p) B]. 
g £ 
4(1 – fiq Gig?) ә 
37 
where 
P vt, P фи 4s P ,2 yp 
Nor t 2 —1)+2 —4 4 = 
> mlm Y +277) pm) + 
p suc Q' ya Q' уз P Q2 yp 
Ag = bi) =2 ES >4 H2 — 
: mm wi Ün?) Uni, Ün?) ji 


/ / / / / / 


ds = (ime õp A) al) - (155) + 459: 























we v Iwi iW | 71 iW | IV”I 
Using the equations (35) and (36), we have 
1 : 
(NIN), = : : ((2 sin p + cos q? (38) 
veyl - gf + m” 
gi | gi 
+—— (cos e — siny))T + (-142 IN 
iW | iW 


/ 


; p : 
+(2cos y — sin y — ——(cosy — sin ә))В) 
||| 





The geodesic curvature of ¢3(s*) is 
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1 e e 
iS - — [à (2 1) -- А:(—1 — =) 
4/2(1 ni + qe» IW | IW || 
2: 
P0 – mp 


vii-) BT5-Smarandache Curves 


BT» - Smarandache curve can be defined by 


ae) 
m(s*) = ar + Tp). (39) 


Differentiating (39), the tangent vector of curve rj is to be 


T m o Rui (40) 


25. 


Differentiating (40), we get 











2 
(2 + (2 
where 
Rayon Ky 2 
ase 
K,2 K,4 Ky / Fix? 
255 
ә NE дин 
x = 2(8)'+ (2) +2(2) 
Considering the equations (39) and (40), it easily seen that 
(ВАТ), = 1 OTINI]: (42) 
442(s) 07 7 


So, the geodesic curvature of m (s”) is 


71 — 
ny" = -( 
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viii-) Tg(B ^ Tg)-Smarandache Curves 


TB(B A Tg) - Smarandache curve can be defined by 


ҝә. 
mis") (Ts + B A To). (43) 


Differentiating (43), the tangent vector of curve 72 is as follows 


1 K K 
jM VESON | -N – B) (44) 


Differentiating (44), it is obtained that 





V2 


T! -—— — 
"^ (x5) 


UT E (45) 


where 





Kd K,2 K 
e c sure 
KI KA I2 
a ig ). 
Using the equations (43) and (44), we easily find 


(BA Pay = al + N 4 2-В). (46) 


So, the geodesic curvature of mə(s”) is as follows 





1 
kg? = “0 r eğ) 
dorm 7 


ix-) BTg(B A Tp)-Smarandache Curves 





BTB A Tz - Smarandache curve can be defined by 


ə 
n3(s*) = a ere (47) 


Differentiating (47), the tangent vector of curve 73 is 








fh. es : (ir Ea SN - B) (48) 


T 
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Differentiating (48), it is obtained that 


V3 





5 — 2 (A3 m AN + AB). (49) 


where 





M = (S25 - 1) «(3 - 4(227 +42 -2 


w= AİN) İY + 25)? —4(2) + 2(£) -2 
x = (2) - 7) -2(2) + (23° - (5 +2(2) 


Using the eguations (47) and (48), we have 











(BA TB)n3 = 


(2— SYP 4 (13-5) 4 i 7: (50) 


The geodesic curvature of 73(s*) is 





A (22: — 1) + Лә(—1— 5) + Ла(2 — 8). 
ayadi 4053 


n — 
Ng 


Example 


Let us consider the unit speed spherical curve: 


Ew i. 9 1 6, 
a(s) = loos sin 16s — jn 36s, -508 00 165 + ır “08 36s, es sin 10s). 
m terms of definitions, we obtain Spherical indicatrix curves (T), (N), (B), 
(see Figure 1) and Smarandache curves according to Sabban frame on S?, 
TT, TATA E>), TEAL x Toy; NİT, THN A Tw), NIAN KT), BTS, 

Te(B A Th), BTE(B A Tp), (see Figure 2, 3, 4). 
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Figure 3: NTN TN(N ATN) NTN(N ATN) 





Figure 4: BTp Tp(B A Тв) BTp(B A Тв) 
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